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Motivation

▶ A model with endogeneity and fixed
effects for i ∈ [N ], t ∈ [Ti] :

yit = x1itβ1o + αi + εit, (1)

x1it = go(zit) + γi + uit. (2)

Parameter of interest: β1o

Source of Identification: Ex-
ogenous variation zit.

But...

▶ W2SLS ignoring the nonlinearity?

▶ Ignoring nonlinearity leads to a
problem of weak instrumental
variables?

Setup

A.1 Oi = (yi, x1i, X̃i, zi) are Ti×1
independent. Ti < Tmax, NT =∑

i Ti .

A.2 Linear structural equation:

yit = x1itβ1o + x̃ ′itβ2o + αi ,y + εit,

E[εit|X̃i, zi, αi ,y ] = 0.
(3)

A.3 Nonlinear reduced form equa-
tion:
x1it = go(x̃it, zit) + αi ,1x + uit,

E[uit|X̃i, zi, αi ,1x] = 0.
(4)

A.4 Linear relationship between
the structural error and the re-
duced form error:

εit = ρuit + ωit,

E[ωit|ui, X̃i, zi, αi ,y ] = 0.
(5)

Identification: Control Function approach

▶ Identification of β1o
1. Transform (τ : R → R) model:

τyit = τx1itβ1o +
K∑
k=2

τxkitβ2ko + τεit, (6)

τx1it = τgo(x̃it, zit) + τuit, i ∈ [N ], t ∈ {ta, ...,Ti}. (7)

2. Augment transformed structural equation with τuit :

τyit = τx1itβ1o +
K∑
k=2

τxkitβ2ko + ρoτuit + τωit. (8)

Population moment conditions:

E[ϕ(Oi ; θo, τgo)] = E[(MτiHi)
′V−1

i Mτiωi] = 0, (9)

with θo = [β1o β′
2o

ρo]
′, MτiHi = [Mτixi1 MτiX̃i Mτiui],

Vi = E[(Mτiωi)(Mτiωi)
′|Hi, zi] = σ2

ωMτiM
′
τi
, and Mτi

transformation matrix.
▶ τuit is identified (Proposition 1)

Super Learner Control Function Estimation

Step 1:
1. Partition the set {1, 2, ...,N} in B subsets S1, S2, ..., SB

with nT ,b =
∑

i∈Sb Ti .

2. Estimate τgo(x̃it, zit) = E[τx1it|It] using a Super Learner
with partition S c

b = {i ∈ Sj, j ̸= b}, call the estimation
τ̂go

S c
b .

3. Obtain the residuals τ̂uSbit = τx1it −
̂

τg
S c
b

o (x̃it, zit) for
partition Sb = {i ∈ Sb}.

4. The estimator of θo for partition Sb is the solution of the
sample moment conditions.

Step 2:
Average θ̂b to obtain the final estimator of θo as:

θ̂o =
1

B

B∑
b=1

θ̂b.

Results

▶ Score ϕ(Oi ; θo, τgo) is an Orthogonal score (Proposition 2).
▶ Large sample properties

SLCFE is consistent and asymptotically normal with
parametric convergence rate

√
NT (Theorems 1 and 2).

▶ Monte Carlo simulation
The design: Relationship between the EEV and
the instrument

a = 1 a = 6
The results: Average estimated β1o

Average estimates of β1o for 100 samples simulated with
different values of a, N = 1000, T = 2

Empirical Application

Causal effect of air
pollution on educa-
tional outcomes:

Table 1: Estimated effect of air
pollution (PM 2.5 concentration) on
student performance

WOLS W2SLS FDSLCF WSLCF
-0.072 -0.844 -0.979 -0.859
(0.011) (0.762) (0.101) (0.085)

Note: US counties, N = 787,
2009-2013

Conclusion

▶ τuit is identified
(Proposition 1)

▶ Score is an orthogonal
score (Proposition 2)

▶ SLCFE is
√
NT -consistent

(Theorems 1 and 2)
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